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POINTWISE CONVERGENCE OF THE
ITERATES OF A HARRIS-RECURRENT
MARKOV OPERATOR

BY
SHLOMO HOROWITZ'

ABSTRACT

Let P be a Markov operator recurrent in the sense of Harris, with o -finite
invariant measure u. (1) If u is finite and P aperiodic, then for f€ L,(u),
Prf— [ fdu a.e. (2)If p isinfinite, P"f >0 a.e. forevery fE L (r),1=p <o,

Let P(x, A) be a transition probability on the measurable space (X, %), and
denote also by P the operator on B(X, 3) defined by Pf(x) = [ f(y)P(x,dy). P is
Harris-recurrent it for a o-finite measure m we bhave m(A)>0 >
25 -0P"1, (x) = o for every x. It is well-known (see, for example, [2], [8]) that if P
is Harris-recurrent, then there is a unique o-finite measure w, invariant for P.
We then have m <y, and also u(A)>0 > Z;_,P"14(x)=» for every x.

The purpose of this note is to prove the following almost everywhere
convergence theorems for functions in L, (u ). The results are known for bounded

functions in L, (1 ) (see, for example, [2], [8], [5]). Harris-recurrence is treated in
[2] and [8].

THEOREM 1. Let P be Harris-recurrent with finite invariant measure u. If P is
aperiodic, then for every f € L,(1) we have P"f(x)— [ fdu a.e.

THEOREM 2. Let P be Harris recurrent with infinite o-finite invariant measure
w. Then for every fE€ L,(n), 1 =p <, we have P'f(x)—0 a.e.

For the proof we need the following lemma, due to Orey [7] (see also [8]).

*Dr. Shlomo Horowitz died before completing the manuscript. He left a draft, to which I added
the last paragraph, references, title and abstract. I made only slight modifications in a place or two in
the proofs, for clarity (M. Lin).
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LemMma 1. Let 3 be separable and P Harris-recurrent. Then there exist an
integer k, a X x 3. measurable function q(x,y)=0, and sets B,C €2 (with
w (B (C)>0), such that:

(a) P*= Q >0, where Qf(x) = q(x,y)f(y)u(dy).

(b) inf{g(x,y): xEB, yEC}=a >0.

(c) P* is Harris-recurrent.

As a consequence of this lemma, we get that P*Z Q= alz Qul.
The following lemmas are well-known. The case U = Pl is shown in {2], but
the proof is valid for the general case.

Lemma 2. IfP>U>0, then U"1 | 0 a.e.

Proor. U"1decreases,solet Ul | h.Then Uh=h > Phzh > Ph=h,
so h = const, since P is conservative and ergodic in L..(x ). Hence Uh = h = c1,
and, if ¢#0, Ul=1. Since P > U, we have a contradiction. Hence ¢ =0.

Lemma 3. IfP>U>0, then 2;..(P—-U)'Ul=1 ae.

Proor. Since U = P — (P — U), we have

S (P-UyUl=3 (P-Uy1-3 (P-Uyl=1-(P- Uy*"L.

n=0 n=0 n=}

Let N— and apply Lemma 2 (to P — U).

LEMMA 4. Let P>U>0. If 0=f€L,(n), 1=p <o (and uP = pn), then
(P-U)f—0 ae.

Proor. The proof of Lemma 2 shows that P— U has no superinvariant
functions in L.. Hence P— U is either dissipative or conservative. Since
p (P — U) = u, the same applies to (P — U)g as an operator of Ly(u) ([2, p. 76]),
and by Lemma 3 we must have that P— U is dissipative. Hence, for 0=
f€Li(u) we have Z;.,(P-U)f<® ae., hence (P-U)'f—0 ae. If 0=
f€L,(u), then f=1+(f—1)", with (f—1)" € Ly(). Hence

(P-U)yf=(P-Uy1+P-U)(f-1)'—0 ae.
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LEmMMA 5. Let P be Harris-aperiodic with finite invariant measure u, and let 3,
be separable. If C €3, and f € L,(u ) satisfies [ fdu =0, then [ P"f - 1cdp — 0.

Proor. The Harris-recurrence condition implies, by Lemma 1, the Harris
condition as given in [2], and the dual Markov operator P* is also aperiodic
Harris [2), and P*"1c— u(C) a.e. ([2], [S]). Hence

[Pt = [ P 10dn > w(©) [ s =0.

LemMA 6. Let P be Harris with infinite o -finite invariant measure u, and let 3,
be separable. If C €2 with u(C)<w, and 0=f€L,(1n), 1=p <o, then
JPf-1cdp —0.

Proor. If f€ L,(n), the proof is as .before, except that P*"1o—0 a.e. If
fEL,(n), 1<p <o, then for ¢ >0 write f=g +h, with g€ L,(x) and
lall, <e. Then [P"g-ledu —0, and O0=[P"h-lcdu =eu(C)" (with
q =p/(p — 1)), since P is a contraction of L,(u). The lemma now follows.

The next lemma is an abstraction of the “first entrance formula’, and can be
proved by induction.

LEMMA 7. Let a,b be elements of a ring. Then
n—1
a"= 2 (a—b)ba""* +(a—-b)"
k=0

PROOFOFTHEOREMs 1 AND 2. We first assume that I is separable, and Lemma
1 can be applied. We may assume that in Lemma 1, k = 1 (otherwise we prove
the theorem for P*, and then apply it to the functions P'f, 0=j <k —1).
Choose in Lemma 7, a = P, b = als @ ul, and obtain

Pf(x) = z; (P-als ®M1c)"ala(x)f P - ledp + (P = als @ ulc)'f(x).

For Theorem 1 we assume, w.l.g., [ fdu = 0. By Lemma 4 the last term tends to
0. Since u (C)<®, by Lemmas 5 and 6 [ P"f-1cdp — 0, and, by Lemma 3,

M(C)g (P~ als @pule)fals(x)=1.

After excluding a set of measure 0, for ¢ >0 and x € X there is an N such that

8

(P-alpg @ulc)als(x)<e,

N

x
U

and

jP"f-lcdp. <eg forn > N.
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Then, for n > 2N, we have

,20 (P-als ®“Ic)k“18(x)f P ledp < ago (P-als @pulc)alalx)
= E/P‘(C)’

and

n—1

S (P-als @ul)ala() [ P ledu S el e

k=N+1

an«: the theorems are proved, in case that 3 is separable.

For the case that . is not separable, we take the admissible o-field, 3’ CZ such
that f is 3’ measurable, 3 is separable, and B (X, Z’) is invariant for P (see [1, p.
209)).

ReMarks. (1) If we deal with the abstract Harris condition, as used in [2], we
can get to the Harris-recurrence condition via the method in [3], or (after
reduction to the separable case, as above) via [4].

(2) Theorem 2 is given a different proof in [6, theor. 3]. The assumption there
for our Theorem 2 is also of aperiodicity (with only a sketch of proof). The
approach in this note is simpler.
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